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QUANTUM DEFORMATION THEORY OF THE AIRY
CURVE AND MIRROR SYMMETRY OF A POINT
JIAN ZHOU
Abstract. We present a quantum deformation theory of the Airy
curve and use it to establish a version of mirror symmetry of a
point.
1. Introduction
“To see a world in a grain of sand” is the first line of a famous
poem by William Blake. For the author of this paper, the grain of
sand is just a point, and the world he wants to see is mirror symmetry.
More precisely, he wants to gain some more understanding on mirror
symmetry by studying the mirror symmetry of a point.
It may sound absurd to consider mirror symmetry of a point, be-
cause mirror symmetry usually involves Calabi-Yau 3-folds [8], or Fano
manifolds and their mirror geometries. As a space, a point is as simple
as one can get (except for perhaps the empty space), and it seems that
it does not have any interesting structure that be used to produce a
mirror partner. Nevertheless, the Gromov-Witten theory of a point is
very rich and does have a mirror theory encoded in the Airy curve:
(1) y =
1
2
x2,
that is the subject of this paper. This simple curve that everyone sees
in junior high school turns out to have a rich deformation theory that
can be used as the mirror of the theory of 2D topological gravity, in
more than one way.
For early history on mirror symmetry we refer to [29]. Let us re-
call some highlights that are are particularly relevant to this work.
The original proposal of mirror symmetry relates the deformations of
symplectic structure on one Calabi-Yau 3-fold with the deformations
of the complex structure on its mirror Calabi-Yau 3-fold. Based on
mirror symmetry, physicists made predictions on counting the num-
ber of holomorphic curves in quintic threefolds in genus zero [8]. For
g > 0, physicists have developed holomorphic anomaly equation to
make predictions in genus one [5], genus 2 [6], and in genus g ≤ 51
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[30]. Mathematically, these predictions have been proved in genus zero
[24, 33] and genus one [48]. A physical reformulation of the holomor-
phic anomaly equation was given in [44]. A mathematical formulation
of quantum BCOV theory has been developed [11].
Parallel to the mirror symmetry of compact Calabi-Yau 3-folds, one
can consider the local mirror symmetry of toric Calabi-Yau 3-folds [9].
Based on duality with Chern-Simons theory of link invariants [42, 45],
a physical theory of topological vertex has been developed to compute
local Gromov-Witten invariants in all genera [3, 2]. A mathematical
theory of the topological vertex has been developed in [34, 35, 36].
Even though the theory of topological vertex solves the problem of
computing local Gromov-Witten invariant of toric Calabi-Yau 3-folds
in principle, its combinatorial nature does not match directly with the
deformation theory aspects of mirror symmetry of compact Calabi-Yau
3-folds, therefore its success in all genera does not provide much insight
for its compact counterpart, except for perhaps the Gopakumar-Vafa
invariants [26, 40, 27, 28]. Eleven years ago, physicists [1] have proposed
a mathematically mysterious approach based on deformation at infini-
ties of local mirror curves. More recently local mirror curves have been
used as the spectral curve to apply the appearance of Eynard-Orantin
topological recursion [19] in the program of remodelling the local B-
models [38, 7, 20]. Deformations of the local mirror curves do not play
a role in this topological recursion formalism either. The renewed in-
terest in local mirror symmetry and local mirror curves motivates the
author to present a mathematical elaboration of the beautiful ideas in
[1], with an emphasis on the deformation theory aspects. Through this
one can gain more insights about the mirror symmetry in the compact
Calabi-Yau case.
In physics Gromov-Witten theory of a point corresponds to the the-
ory of 2D topological gravity originally studied using matrix mod-
els, and mathematically they correspond to intersection numbers of
ψ-classes on Deligne-Mumford moduli spaces. Witten’s remarkable
conjecture relates such numbers to KdV hierarchy and Virasoro con-
straints. Since its first proof by Kontsevich [31] it has served as a
paradigm for researches in Gromov-Witten theory and its general-
izations. Recent progresses on topological recursions related to the
Witten-Kontsevich tau-function [18, 4, 46, 47] have made it clear that
the Airy curve:
y =
1
2
x2,
plays an important role in this theory. In this paper we will elaborate
on the fact that all information about the correlation functions of the
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2D topological gravity is encoded in the Airy curve, by suitable proce-
dures of deformation and quantization, therefore, this curve serves as
the mirror geometry in the B-theory for the point. This is an elabora-
tion of some ideas in [1] where some technical details are missing. This
will provide the prototype of quantum deformation theory of a class of
curves which we will develop in subsequent work. Our ultimate goal
will be to develop a version of quantum deformation to unite the two
main driving forces in Gromov-Witten type theories: The Witten Con-
jecture/Kontsevich Theorem and the computation of Gromov-Witten
invariants of quintic Calabi-Yau 3-folds.
Deformation theory was created by Riemann in his famous paper on
Abelian functions where he introduced the notion of moduli spaces of
Riemann surfaces. Deformation theory of compact complex manifolds
was developed by Kodaira, Spencer and Kuranishi. There is also a
deformation theory of isolated singularities. It is amazing that such
theories all have found applications in string theory related to mirror
symmetry. In the study of mirror symmetry of quintic Calabi-Yau 3-
fold, deformation of its mirror has been applied to find genus zero free
energy. We will somehow reverse this direction of applications: We will
first use free energy in genus zero to construct the deformation of the
Airy curve, then we will apply the canonical quantization derive the
Virasoro constraints satisfied by free energies in higher genera. Gener-
alizations to Type A and Type D singularities are straightforward and
will be presented in future publications. Generalizations to other case
are work in progress.
We now summarize the main results of this paper. We first consider
the miniversal deformation y = 1
2
x2 + u0 of the Airy curve y =
1
2
x2.
Write f 2 = 2y, then we prove the following identity:
(2) x = f(1− 2u0
f 2
)1/2 = f − u0
f
−
∞∑
n=0
∂F0
∂un
(u0, 0, . . . ) · f−(2n+3),
where F0 is the genus zero free energy of the theory of 2D topological
gravity, in suitably chosen coordinates un’s. Next we construct a special
deformation of the Airy curve of the following form:
(3) x = f −
∑
n≥0
(2n+ 1)unf
2n−1 −
∑
n≥0
∂F0
∂un
(u) · f−2n−3.
We prove that it is uniquely characterized by the following property:
(4) (x2(f))− = 0.
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From (3) we obtain a special deformation of the equation of the Airy
curve of the form:
2y = f 2 = c0 + c1x
2 + c2x
4 + c3x
6 + · · · .
We regard W = y as the deformed superpotential function and define
(5) φn :=
∂W
∂un
.
They generate an algebra over the ring of formal series in un’s, closed
under multiplications. We take this as a generalization of the Milnor
ring. Furthermore, if one defines
(6) ∇λ∂
∂ti
φk := ∂tiφk + λφi · φk.
then the operators ∇λ∂
∂ti
define a family of flat connections, i.e.,
(7) ∇λ∂
∂ti
∇λ∂
∂tj
φk = ∇λ∂
∂tj
∇λ∂
∂ti
φk,
for i, j, k ≥ 0 and all λ ∈ C. We then define 〈〈φj1, · · · , φjn〉〉0 as in
Landau-Ginzburg theory and show that
(8) 〈〈φj1, · · · , φjn〉〉0 =
∂nF0
∂tj1 · · ·∂tjn
.
To extend the picture to arbitrary genera, we quantize the above pic-
ture. We endow the space of series of the form
(9)
∞∑
n=0
(2n+ 1)u˜nz
(2n−1)/2 +
∞∑
n=0
v˜nz
−(2n+3)/2
the following symplectic structure:
(10) ω =
∞∑
n=0
du˜n ∧ dv˜n.
Take the natural polarization that {qn = u˜n} and {pn = v˜n}, one can
consider the canonical quantization:
(11) ˆ˜un = u˜n·, ˆ˜vn = ∂
∂u˜n
.
Corresponding to the field x, we consider the following fields of opera-
tors on the Airy curve:
(12) xˆ(z) = −
∑
m∈Z
β−(2m+1)z
m−1/2 = −
∑
m∈Z
β2m+1z
−m−3/2
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where f = z1/2 and the operators β2k+1 are defined by:
(13) β−(2k+1) = (2k + 1)u˜k·, β2k+1 = ∂
∂u˜k
.
We define a notion of regularized products xˆ(z)⊙n and show that they
are related to the normally ordered products : xˆ(z)n : by Bessel num-
bers. Then we show that the DVV Virasoro constraints satisfied by
the Witten-Kontsevich tau-function is just the following equation:
(14) xˆ(z)⊙2ZWK = 0.
We conjecture that
(15) xˆ(z)⊙2nZWK = 0
for n > 1. In forthcoming work, we will generalize such results to
deformations of isolated singularities of Type A and Type D.
Roughly speaking, what we mean by quantum deformation theory is
a deformation theory whose moduli space encodes the information of
genus zero free energy on the big phase space. It is then necessary that
the moduli space is infinite-dimensional. Furthermore, we require that
the moduli space admits a natural quantization from which one can
produce constraints that determines the free energy in all genera. This
is the point of view that we will take to understand mirror symmetry
in subsequent work, both for noncompact and compact Calabi-Yau
manifolds.
The rest of the paper is arranged as follows. In §2 we fix some ter-
minologies and recall some combinatorial preliminaries. We recall the
Witten Conjeture/Kontsevich Theorem and DVV Virasoro constraints
in §3, some explicit numerical computations based on formal series
solution of the inviscid Burgers’ equation are also presented. We con-
struct in §4 the special deformation of the Airy curve based on genus
zero Gromov-Witten invariants of a point. In §5 we study the Landau-
Ginzburg type theory associated to the miniversal deformation of the
Airy curve and make extensions to the special deformation in §6. In
§7 and §8 we present the quantum deformation of the Airy curve by
quantization xˆ of the field x, define and study its regularized products
relating to Virasoro constraints and its generalizations.
2. Preliminaries
In this paper we will discuss the mirror symmetry between two “field
theories”. We will use this section to make a provisional definition of
what we mean by a field theory to make our framework as simple as
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possible. We will also collect some combinatorial techniques crucial for
our computations and proofs.
2.1. Some terminologies of field theory. The physical background
for our definition is the topological matters coupled with 2D topological
gravity. The definition that we will take below does not reflect all
the interesting aspects of such theories, it only serves to suit for the
discussions in this work. The reader may consult [32] for a more general
definition.
First, we need a finite-dimensional complex vector space V . It will
be called the small phase space, and we will call a vector v ∈ V a
primary field. It will also be referred to as a matter field. The small
phase space is supposed to be graded by rational numbers:
(16) V =
k⊕
i=1
Vwi,
where w1 < w2 < · · · < wk are distinct rational numbers. If v ∈ Vwj ,
then we say v is a homogeneous filed of degree wj, and write
deg v = wj .
By the big phase space we mean C[z]⊗C V . We will write this space as
V [z]. (Usually one reserves this notation for V be a commutative ring
so that V [z] is also a ring. A field theory often naturally makes V a
ring.) An element of this space can be written as
v0 + v1z + · · ·+ vnzn,
where v0, . . . , vn ∈ V . For v ∈ V , the element vzn will be called the
n-th gravitational descendant (field) of v. Following Witten, we will
also denote vzn by τn(v). The grading on V induces a grading V [z]:
V [z] =
⊕
n≥0
k⊕
i=1
Vwiz
n,
i.e., if v ∈ Vwj has deg v = wj, then one sets
deg τn(v) = wj + n.
By a field theory of the topological matters coupled to 2D topological
gravity, we simply mean a collection of correlators: For 2g− 2+n > 0,
(17) 〈·, · · · , ·〉g : V [z]⊗n → C,
(τm1(v1), . . . , τmn(vn)) 7→ 〈τm1(v1), . . . , τmn(vn)〉g.
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They are required to satisfy the following two conditions: The correla-
tors are symmetric in its arguments, i.e.,
(18) 〈τmσ(1)(vσ(1)), . . . , τmσ(n)(vσ(n))〉g = 〈τm1(v1), . . . , τmn(vn)〉g,
for any permutation σ : {1, . . . , n} → {1, . . . , n}; the correlators satisfy
the following selection rule: Suppose that v1, . . . , vn are homogeneous
fields, then
〈τm1(v1), . . . , τmn(vn)〉g = 0
except for
(19)
n∑
i=1
(mi + wi) = 3g − 3 + n.
Take a basis {e1, . . . , em} of V consisting of homogeneous elements,
then one gets a basis {τn(ei)}n≥0,1≤i≤m of V [z]. The corresponding lin-
ear coordinates {tn,i}n≥0,1≤i≤m will be called coupling constants. Define
the free energies in genus g by:
(20) F0(t) =
∑
n≥3
∑
m1,...,mn≥0
1≤i1,...,in≤m
tm1,i1 · · · tmn,in
n!
〈τm1(ei1), . . . , τmn(ein)〉0,
and for g ≥ 1,
(21) Fg(t) =
∑
n≥1
∑
m1,...,mn≥0
1≤i1,...,in≤m
tm1,i1 · · · tmn,in
n!
〈τm1(ei1), . . . , τmn(ein))〉g.
The partition function is defined by:
(22) Z(t;λ) = exp
∑
g≥0
λ2g−2Fg(t).
Define the deformed n-point correlators by:
(23) 〈〈τm1(ei1), . . . , τmn(ein)〉〉g(t) =
∂n
∂tm1,i1 · · ·∂tmn,in
Fg(t).
From this definition it is clear that
〈〈τm1(ei1), . . . , τmn(ein), τmn+1(ein+1)〉〉g(t)
=
∂
∂tmn+1,in+1
〈〈τm1(ei1), . . . , τmn(ein)〉〉g(t).
(24)
Hence to determine the theory, it suffices to determine the deformed
one-point functions 〈〈τm(ei)〉〉g(t).
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2.2. Lagrangian inversion. Suppose that we have two formal power
series:
y = x+ a2x
2 + a3x
3 + · · · ,(25)
x = y + b2y
2 + b3y
3 + · · ·(26)
are compositional inverse to each other. Then their coefficients are
related to each other by the Lagrange inversion formula:
an =
1
n
res(
dy
xn
) =
1
n
(y + b2y
2 + · · · )−n|y−1,(27)
bn =
1
n
res(
dx
yn
) =
1
n
(x+ a2x
2 + · · · )−n|x−1,(28)
The following are some explicit examples:
a2 = −b2,
a3 = −b3 + 2b22,
a4 = −b4 + 5b2b3 − 5b32.
If one assigns
(29) deg bn = 1− n, n ≥ 2,
then an is a weighted homogeneous polynomial in b2, . . . , bn of degree
1− n. We will refer to {an}n≥2 and {bn}n≥2 as Lagrange dual of each
other.
3. The A-Theory: Intersection Theory on Moduli Spaces
of Algebraic Curves
In this section, we recall the A-theory of a point, i.e., the inter-
section theory of ψ-classes on Deligne-Mumford moduli spaces Mg,n.
In the physics literature (see e.g. [43]), this corresponds to the 2D
topological gravity. Main features of this theory are the Witten Con-
jecture/Kontsevich Theorem [43, 31] and the Virasoro constraints [15].
These results tie this theory to the KdV hierarchy, and hence the genus
zero part to the dispersionless limit of the KdV hierarchy. One can re-
duce the genus zero part of the theory to inviscid Burger’s equation
and its series solution by Lagrange inversion. We also derive formula
(86) which is the starting point for mirror symmetry with quantum
deformation theory of the Airy curve.
QUANTUM DEFORMATION THEORY AND MIRROR SYMMETRY 9
3.1. Free energy and partition function of 2D topological grav-
ity. The moduli spaces for 2D topological gravity are the Deligne-
Mumford spacesMg,n of stable algebraic curves with n marked points.
Let ψ1, . . . , ψn be the first Chern classes of the cotangent line bun-
dles corresponding to the n marked points. The correlators of the 2D
topological gravity are defined as the following intersection numbers:
(30) 〈τa1 , · · · , τan〉g :=
∫
Mg,n
ψa11 · · ·ψann .
The correlator 〈τa1 , · · · , τan〉g 6= 0 only if
(31) a1 + · · ·+ an = 3g − 3 + n.
This is due to the fact that
(32) dimMg,n = 3g − 3 + n.
The free energy of 2D topological gravity is defined by
(33) F (t;λ) =
∑
g≥0
λ2g−2Fg(t).
where the genus g part of the free energy is defined by:
(34)
Fg(t) = 〈exp
∑
a≥0
taτa〉g =
∑
n≥0
1
n!
∑
a1,...,an≥0
ta1 · · · tan〈τa1 , · · · , τan〉g.
We will assign the following grading:
(35) deg ti = 2− 2i, i = 0, 1, . . . .
By (31), Fg(t) is weighted homogeneous of degree
(36) degFg = 6− 6g.
The partition function of 2D topological gravity, often referred to as
the Witten-Kontsevich tau-function, is defined by
(37) ZWK(t, λ) = expF (t, λ).
We assign
(38) deg λ = 3
so that ZWK is weighted homogenous of degree 0.
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3.2. Witten Conjecture/Kontsevich Theorem. Witten [43] con-
jectured that ZWK is a tau-function of the KdV hierarchy. More pre-
cisely, define a sequence {Rn} of differential polynomials in u as follows:
R1 = u,
∂
∂x
Rn+1 =
1
2n+ 1
(
∂xu · Rn + 2u · ∂xRn + λ
2
4
∂3xRn
)
.
(39)
For example,
∂xR2 = u · ∂xu+ 1
12
∂3xu,
R2 =
1
2
u2 +
1
12
∂2xu,
∂xR3 =
1
2
u2 · ∂xu+ 1
12
u · ∂3xu+
1
6
∂xu · ∂2xu+
1
240
∂5xu,
R3 =
1
6
u3 +
1
12
u · ∂2xu+
1
24
(∂xu)
2 +
1
240
∂4xu.
Then
(40) u = λ2
∂F
∂2t20
satisfies the following sequence of equations:
∂tnu = ∂t0Rn+1,
where t0 = x.
He also pointed out that together with the string equation:
(41) 〈τ0τa1 · · · τan〉g =
n∑
i=1
〈τa1 · · · τai−1 · · · τan〉g,
this hierarchy of nonlinear differential equations uniquely determines
ZWK from the initial values:∫
M0,3
1 = 1,
∫
M1,1
ψ1 =
1
24
,
After Kontsevich [31], there have appeared many proofs of this conjec-
ture.
3.3. Dispersionless limits and reduction to inviscid Burgers’
equation. Write
u = u(0) + λ
2u(1) + · · · ,
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Then from the KdV hierarchy one gets the following sequence of equa-
tions for u(0):
(42) ∂tnu(0) = ∂t0
un+1(0)
(n+ 1)!
.
Since these flows commute with each other, one can solve them sepa-
rately and inductively.
The case of n = 1 is the inviscid Burgers’ equation:
(43) ∂tu = ∂x
u2
2
.
The next result shows that all higher equations in the hierarchy (42)
can be reduced to it.
Proposition 3.1. Suppose that u(x, t) satisfies the equation
(44) ∂tu = ∂t
un+1
(n + 1)!
for some n > 1, then v = u
n
n!
satisfies:
(45) ∂tv = ∂x
v2
2
.
Proof. Easy computations. 
3.4. Series solutions of inviscid Burgers’ equation by Lagrangian
inversion. Recall that the inviscid Burgers’ equation can be solved by
the method of characteristics. Suppose that the initial value u(x, 0) =
u0(x) is given. If x(t) with x(0) = x0 is a solution of the ordinary
differential equation
(46)
d
dt
x(t) = −u(x(t), t),
where u = u(x, t) satisfy ut = uux, then
d
dt
u(x(t), t) = ux · d
dt
x(t) + ut = −uxu+ ut = 0,
and so
(47) u(x(t), t) = u(x(0), 0) = u(x0, 0) = u0(x0).
Now from (46),
d
dt
x(t) = −u(x(t), t) = −u0(x0),
and so
(48) x(t) = x0 − tu0(x0).
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Plug this back into (47) and change x0 into x:
(49) u(x− tu0(x), t) = u0(x).
To see this provides formal series solutions, we set
(50) A(x, t) = x+ t · u(x, t).
Then one has
A(x− tu0(x), t) = (x− tu0(x)) + tu(x0 − tu0(x), t)
= x− tu0(x) + tu0(x) = x.
So we get the following:
Proposition 3.2. Suppose that A(y, t) is a formal series in y which is
the compositional inverse of the equation
(51) y = x− tu0(x),
i.e., A(x− tu0(x), t) = x, then
(52) u(x, t) =
A(x, t)− x
t
is a formal series solution of the inviscid Burger’s equation with initial
condition u0(x):
(53) ∂tu = ∂x
u2
2
, u(x, 0) = u0(x).
One can use Lagrange inversion to solve (51). Let
A(x, t) = x+
∑
k≥2
ak(t)x
k,
then one has:
(54) ak(t) =
1
k
(x− tu(x, t))−k|x−1.
Sometimes one can directly solve (51) by explicit expressions. The
following are some examples.
Example 3.3. When u0(x) = x, the equation
y = x− tx
can be solved by
x =
y
1− t ,
i.e.,
A(x, t) =
x
1− t .
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It follows that
u(x, t) =
A(x, t)− x
t
=
x
1− t .
One can easily checked that it is a solution.
Example 3.4. When u0(x) = x
2, the equation
y = x− tx2
can be solved by
x =
1− (1− 4ty)1/2
2t
,
i.e.,
A(x, t) =
1− (1− 4tx)1/2
2t
.
It follows that
u(x, t) =
A(x, t)− x
t
=
1− 2tx− (1− 4tx)1/2
2t2
.
One can easily checked that it is a solution. The coefficients of the
series expansion of u(x, t) are Catalan numbers:
(55) u(x, t) =
∞∑
n=0
(2n+ 2)!
(n+ 1)!(n+ 2)!
tnxn+2.
In general we have:
Lemma 3.5. For m = 1, 2, . . . , the following equation
(56) ∂tu = ∂x
u2
2
, u(x, 0) = cxm
is solved by the following generating series of generalized Catalan num-
bers:
(57) u(x, t) = xm
∞∑
k=1
ck
(m− 1)k + 1
(
mk
k
)
(xm−1t)k−1.
Proof. One can use Lagrange inversion to solve
y = x− ctxm,
i.e., let x = A(y, t) = y +
∑
n≥2 any
n,
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an =
1
2π
√−1
∮
x
yn+1
dy = −1
n
· 1
2
√−1
∮
xd
1
yn
=
1
n
· 1
2
√−1
∮
1
yn
dx =
1
n
· 1
2
√−1
∮
1
(x− ctxm)ndx
=
1
n
· 1
2
√−1
∮
1
xn
∞∑
k=0
1
(1− ctxm−1)ndx
=
1
n
· 1
2
√−1
∮
1
xn
∞∑
k=0
(−n
k
)
(−ctxm−1)kdx.
It is now clear that an only when n = k(m− 1) + 1 for some k ≥ 1,
ak(m−1)+1 =
1
k(m− 1) + 1
(−k(m− 1)− 1
k
)
(−ct)k
=
1
k(m− 1) + 1
(
km
m
)
cktk.
hence
A(x, t) = x+
∑
k≥1
1
k(m− 1) + 1
(
km
m
)
cktkxk(m−1)+1.
The result then follows. 
3.5. Some explicit calculations. Now we use the above method to
carry out some explicit calculations. We will use the following nota-
tion when there is no danger of confusions: We keep only the relevant
variables, e.g., u(t0, t2, t5) means u(t) restricted to ti = 0, i 6= 0, 2, 5.
First we solve
∂u(0)
∂tn
= ∂t0
un+1(0)
(n + 1)!
, u(t0, 0, . . . ) = t0.
This can be transformed to
v =
un(0)
n!
,
∂v
∂tn
= ∂t0
v2
2
, v(t0, 0, . . . ) =
tn0
n!
.
By Lemma 3.5,
v(t0, tn) =
tn0
n!
∞∑
k=1
1
(n− 1)k + 1
(
nk
k
)(
tn−10 tn
n!
)k−1
.
Then we have
(58) u(0)(t0, tn) = t0
[ ∞∑
k=1
1
(n− 1)k + 1
(
nk
k
)(
tn−10 tn
n!
)k−1]1/n
.
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It turns out that we have
(59) u(0)(t0, tn) = t0
[
1 +
∞∑
k=1
1
(n− 1)k + 1
(
nk
k
)(
tn−10 tn
n!
)k]
This can be proved by using the following identity:
(60)
[ ∞∑
k=1
zk−1
(n− 1)k + 1
(
nk
k
)]1/n
= 1 +
∞∑
k=1
zk
(n− 1)k + 1
(
nk
k
)
.
One can prove this identity by Lagrange inversion as follows. Let y =
z +
∑
k≥2 anz
k satisfy
(61) (y/z)1/n = 1 + y,
i.e.
z =
y
(1 + y)n
.
Then
ak =
1
2π
√−1
∮
y
zk+1
dy =
1
k
1
2π
√−1
∮
1
zk
dy
=
1
k
1
2π
√−1
∮
(1 + y)kn
yk
dy =
1
k
(
kn
k − 1
)
=
1
(k − 1)n+ 1
(
kn
k
)
.
As straightforward consequence of string equation is that
(62) ∂tnF0(t0, 0, . . . ) =
tn+20
(n+ 2)!
.
This matches with (59).
Proposition 3.6. The sequence u(0)(t0), u(0)(t0, t1), . . . satisfies the
following relations:
(63) u(0)(x, t1, . . . , tn) = u(0)(x+
tn
n!
un(0)(x, t1, . . . , tn), t1, . . . , tn−1).
Proof. Set
(64) v(x, t1, . . . , tn) =
1
n!
un(0)(t0 = x, t1, . . . , tn).
Then we have
∂tnv(x, t1, . . . , tn) = ∂x(
v2(x, t1, . . . , tn)
2
),
v(x, t1, . . . , tn−1) =
1
n!
un(0)(x, t1, . . . , tn−1).
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Then by Proposition ,
(65) v(x, t1, . . . , tn) =
A(x, t1, . . . , tn)− x
tn
,
where A(x, t1, . . . , tn) satisfies:
(66) A(x, t1, . . . , tn)− tnv(A(x, t1, . . . , tn), t1, . . . , tn−1) = x.
The proof can be finished by noting:
A(x, t1, . . . , tn) = x+ tn · v(x, t1, . . . , tn)
= x+
tn
n!
un(0)(x, t1, . . . , tn),
v(A(x, t1, . . . , tn), t1, . . . , tn−1)
=
1
n!
un(0)(A(x, t1, . . . , tn), t1, . . . , tn−1)
=
1
n!
un(0)(x+
tn
n!
un(0)(x, t1, . . . , tn), t1, . . . , tn−1).

Using the above method, one finds u(0)(t0, . . . , tn) and F0(t0, . . . , tn)
recursively. For example, first,
u(0)(t0) = t0, F0(t0) =
t30
6
;
next,
u(0)(t0, t1) = u(0)(t0 + t1u(0)(t0, t1)) = t0 + t1u(0)(t0, t1),
hence
u(0)(t0, t1) =
t0
1− t1 , F0(t0, t1) =
t30
6(1− t1) .
Going to the next level,
u(0)(t0, t1, t2) = u(0)(t0 +
1
2
t2u
2
(0)(t0, t1, t2), t1)
=
t0 +
1
2
t2u
2
(0)(t0, t1, t2)
1− t1 .
It can be solved explicitly as follows:
u(0)(t0, t1, t2) =
1− t1 − ((1− t1)2 − 2t0t2)1/2
t2
,
and so
(67)
F0(t0, t1, t2) =
(1− t1)5
15t32
(
1− 5t0t2
(1 − t1)2+
15t20t
2
2
2(1− t1)4−
(
1− 2t0t2
(1− t1)2
)5/2)
.
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The series expansion of u(0)(t0, t1, t2) is given by:
u(0)(t0, t1, t2) =
1− t1
t2
[
1−
(
1− 2t0t2
(1− t1)2
)1/2]
=
t0
1− t1 +
1
2
t20t2
(1− t1)3 +
1
2
t30t
2
2
(1− t1)5 +
5
8
t40t
3
2
(1− t1)7 + · · · ,
In general, one can use Lagrange inversion recursively as follows:
(68) u(0)(t0 = x, t1, . . . , tn) =
(
n!
A(x, t1, . . . , tn)− x
tn
)1/n
,
where
A(x, t1, . . . , tn) = x+
∑
k≥2
akx
k,
with the coefficients ak given by
(69) ak =
1
k
(x− tn
n!
un(0)(x, t1, . . . , tn−1))
−k|x−1.
One can easily use a compute algebra system to automate the calcula-
tions using these formulas.
3.6. Virasoro constraints. Dijkgraaf, E. Verlinde, H .Verlinde [15]
and independently Fukuma, Kawai, Nakayama [22] showed that the
Witten-Kontsevich tau-function can also be uniquely determined by a
sequence of linear differential equations called the Virasoro constraints:
(70)
∂
∂un+1
ZWK = LˆnZWK , n ≥ −1,
where the operators Lˆn are defined by:
(71) Lˆn =
∞∑
k=0
(2k+1)uk
∂
∂uk+n
+
λ2
2
n−1∑
k=0
∂2
∂uk∂un−k−1
+
u20
2λ2
δn,−1+
δn,0
8
.
Here we have made the following change of coordinates:
(72) tk = (2k + 1)!!uk.
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In terms of the free energy,
∂F
∂u0
=
∞∑
k=1
(2k + 1)uk
∂F
∂uk−1
+
u20
2λ2
,(73)
∂F
∂u1
=
∞∑
k=0
(2k + 1)uk
∂F
∂uk
+
1
8
,(74)
∂F
∂un
=
∞∑
k=0
(2k + 1)uk
∂F
∂uk+n−1
(75)
+
λ2
2
n−2∑
k=0
(
∂2F
∂uk∂un−k−2
+
∂F
∂uk
∂F
∂un−k−2
)
, n ≥ 2.
In particular, by comparing the coefficients of λ−2 on both sides of
these equations:
∂F0
∂u0
=
∞∑
k=1
(2k + 1)uk
∂F0
∂uk−1
+
u20
2
,(76)
∂F0
∂u1
=
∞∑
k=0
(2k + 1)uk
∂F0
∂uk
,(77)
∂F0
∂un
=
∞∑
k=0
(2k + 1)uk
∂F0
∂uk+n−1
+
1
2
n−2∑
k=0
∂F0
∂uk
∂F0
∂un−k−2
, n ≥ 2.(78)
Now we take ui = 0 for i ≥ 1 in these equations, and set fn =
∂F0
∂un
(u0, 0, . . . ), we get:
f0 =
u20
2
,(79)
f1 = u0f0,(80)
fn = u0fn−1 +
1
2
n−2∑
k=0
fkfn−k−2, n ≥ 2.(81)
After taking the generating series f(t) = f0 + f1t + · · · , one can get
from the above recursion relations the following equation:
(82) f(t) =
u20
2
+ u0t · f(t) + 1
2
t2 · f(t)2.
One can easily find the following explicit expression for f(t):
(83) f(t) =
(1− u0t)− (1− 2u0t)1/2
t2
=
∑
n≥0
(2n+ 1)!!
(n + 2)!22n+3
un+20 t
n,
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and so
(84)
∂F0
∂un
(u0, 0, . . . ) =
(2n + 1)!!
(n + 2)!
un+20 .
We note the above result can be reformulated as follows:
(85) z(1− 2u0
z2
)1/2 = z − u0
z
−
∞∑
n=0
fn
z2n+3
,
or
(86) z(1− 2u0
z2
)1/2 = z − u0
z
−
∞∑
n=0
∂F0
∂un
(u0, 0, . . . ) · z−(2n+3).
This will play an important role in the next section.
4. The Mirror Geometry: Special Deformation of the
Airy Curve
From the point of view of Eynard-Orantin topological recursions, it
has been clear that the Airy curve can serve as the mirror curve for
the Gromov-Witten theory of a point [18, 4, 46, 47]. In this section
we will study some special deformation of the Airy curve constructed
from Gromov-Witten invariants of a point.
4.1. Miniversal deformation of the Airy curve. The Airy curve
is the plane algebraic curve given by the equation:
(87) y =
1
2
x2
Consider the restriction of the projection π : C2 → C, (x, y) 7→ y to
this curve, (x, y) = (0, 0) is an isolated singularity of type A1. Its
miniversal deformation is given by
(88) y =
1
2
x2 + u0.
To unravel the information hidden in this simple formula, let f be the
Laurent series such that f 2 = 2y = x2 + 2u0, i.e.,
f = x(1 +
2u0
x2
)1/2 =
∞∑
j=0
(
1/2
j
)
(2u0)
jx1−2j
= x+
u0
x
− 1
2
u20
x3
+
1
2
u30
x5
− 5
8
u40
x7
+
7
8
u50
x9
− 21
16
u60
x11
+ · · · ,
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and let
x = f(1− 2u0
f 2
)1/2 =
∞∑
j=0
(
1/2
j
)
(−2u0)jx1−2j
= f − u0
f
− 1
2
u20
f 3
− 1
2
u30
f 5
− 5
8
u40
f 7
− 7
8
u50
f 9
− 21
16
u60
f 11
− · · ·
be its inverse series. One can now note the meaning of the coefficients
of f 2n+3 in x:
Proposition 4.1. The following equalities hold:
(89) x|f2n+3 = −(2n + 1)!!
(n+ 2)!
un+20 = −
∂F0
∂un
(u0, 0, . . . ).
This is not just a nice coincidence but a special case of the mirror
symmetry between the intersection theory of ψ-classes onMg,n and the
quantum deformation theory of the Airy curve to be presented below.
4.2. Special deformation. In last subsection we have seen that the
miniversal deformation of the Airy curve
y =
1
2
x2 + u0
is given by the Puiseux series:
(90) x = f − u0
f
−
∑
n≥0
∂F0
∂un
(u0, 0, . . . ) · f−2n−3.
This suggests to include the variables u1, u2, . . . in the deformation, as
in the following:
Theorem 4.2. Consider the following series:
(91) x = f −
∑
n≥0
(2n+ 1)unf
2n−1 −
∑
n≥0
∂F0
∂un
(u) · f−2n−3.
Then one has
x2 =2y
(
1−
∑
n≥1
(2n + 1)un(2y)
n−1
)2
−2u0
(
1−
∑
n≥1
(2n+ 1)un(2y)
n−1
)
+2
∑
n≥0
∑
k≥n+2
(2k + 1)uk · ∂F0
∂un
· (2y)k−n−2.
(92)
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In particular,
(93) (x2)− = 0.
Here for a formal series
∑
n∈Z anf
n,
(94) (
∑
n∈Z
anf
n)+ =
∑
n≥0
anf
n, (
∑
n∈Z
anf
n)− =
∑
n<0
anf
n.
Proof. This is actually equivalent to the Virasoro constraints for F0.
Indeed,
x2 =
(
f −
∑
n≥1
(2n+ 1)unf
2n−1 − u0
f
−
∑
n≥0
∂F0
∂un
· f−2n−3
)2
=
(
f −
∑
n≥1
(2n+ 1)unf
2n−1
)2
− 2
(
f −
∑
n≥1
(2n+ 1)unf
2n−1
)
·
(
u0
f
+
∑
n≥0
∂F0
∂un
· f−2n−3
)
+
(
u0
f
+
∑
n≥0
∂F0
∂un
· f−2n−3
)2
= f 2
(
1−
∑
n≥1
(2n+ 1)unf
2n−2
)2
− 2u0
(
1−
∑
n≥1
(2n + 1)unf
2n−2
)
− 2
∑
n≥0
∂F0
∂un
· f−2n−2 + 2
∑
n≥1
(2n+ 1)unf
2n−1 ·
∑
n≥0
∂F0
∂un
· f−2n−3
+
(
u0
f
+
∑
n≥0
∂F0
∂un
· f−2n−3
)2
.
It follows that
(x2)− = 2
(
t20
2
· f−2 −
∑
n≥0
∂F0
∂un
· f−2n−2
+
∑
n≥0
∑
k
(2k + 1)uk · ∂F0
∂uk+n−1
· f−2n−2
+
1
2
∑
n≥2
∑
j+k=n−2
∂F0
∂uj
· ∂F0
∂uk
· f−2n−2
)
.
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It vanishes by Virasoro constraints for F0. It follows that
x2 = (x2)+ = f
2
(
1−
∑
n≥1
(2n+ 1)unf
2n−2
)2
− 2u0
(
1−
∑
n≥1
(2n+ 1)unf
2n−2
)
+ 2
∑
n≥0
∑
k≥n+2
(2k + 1)uk · ∂F0
∂un
· f 2(k−n−2).
The proof is completed by recalling 2y = f 2. 
Recall we have assigned that deg tn = 2 − 2n, and because tn =
(2n − 1)!! · un, we have deg un = 2 − 2n. Also because deg F0 = 6, so
we have
deg
∂F0
∂un
= 2n+ 4.
Therefore, if we assign
(95) deg f = 1,
then the right-hand side of (91) is weighted homogeneous of degree 1,
it follows that we should take
(96) deg x = 1.
4.3. Uniqueness of special deformation of the Airy curve. Let
us first prove a simple combinatorial result.
Theorem 4.3. There exists a unique series
(97) x = f −
∑
n≥0
vnf
2n−1 −
∑
n≥0
wnf
−2n−3
such that each wn ∈ C[[v0, v1, . . . ]] and
(98) (x2)− = 0.
Proof. We begin by rewriting (98) as a sequence of equations:
w0 =
1
2
v20 + v1w0 + v2w1 + v3w2 + · · · ,(99)
w1 = v0w0 + v1w1 + v2w2 + · · · ,(100)
w2 = v0w1 + v1w2 + · · ·+ 1
2
w20,(101)
w3 = v0w2 + · · ·+ w0w1,(102)
· · · · · · · · · · · · · · ·(103)
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Write
wn = w
(0)
n + w
(1)
n + · · · ,
where each w
(k)
n consists of monomials in v0, v1, . . . of ordinary degree
k. Using such decompositions, one can deduce by induction from the
above system of equations:
(104) w(j)n = 0, n ≥ 0, j = 0, . . . , n+ 1,
and furthermore,
w
(2)
0 =
1
2
v20,
w
(n)
0 =
∑
j≥1
vjw
(n−1)
j−1 , n ≥ 3,
w
(n)
1 =
∞∑
j=0
vjw
(n−1)
j , n ≥ 3,
w(n)m =
∞∑
j=0
vjw
n−1
j+m−1 +
1
2
m−2∑
j=0
n−m+j∑
k=j
w
(k)
j w
(n−k)
m−2−j, m ≥ 1, n ≥ m+ 2.
It follows that one can recursively determine all w
(n)
m from the initial
value w
(2)
0 =
1
2
v20. 
By combining Theorem 4.2 with Theorem 4.3, we then get:
Theorem 4.4. The equation
(105) (x2)− = 0
for a series
(106) x = f −
∑
n≥0
(2n+ 1)unf
2n−1 −
∑
n≥0
wnf
−2n−3,
where each wn ∈ C[[u0, u1, . . . ]] has a unique solution given by:
(107) x = f −
∑
n≥0
(2n + 1)unf
2n−1 −
∑
n≥0
∂F0
∂un
(u) · f−2n−3,
as a series in u = (u0, u1, . . . ), where F0(u) is the free energy of the
2D topological gravity in genus zero.
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4.4. Deformation of the superpotential function. From (92) one
can also derive formula for deformation of the superpotential function.
By (92), one can formally write:
(108) x2 = a0 + a1f
2 + a2f
4 + · · · ,
where
a0 = −2u0(1− 3u1) + 2
∑
n≥0
(2n+ 5)un+2
∂F0
∂un
,(109)
a1 = (1− 3u1)2 + 2u0 · 5u2 + 2
∑
n≥0
(2n+ 7)un+3 · ∂F0
∂un
,(110)
and for m ≥ 2,
am =− 2(1− 3u1) · (2m+ 1)um + 2u0 · (2m+ 3)um+1
+
∑
m1,m2≥1
m1+m2=m+1
(2m1 + 1)um1 · (2m2 + 1)um2
+2
∑
n≥0
(2n+ 2m+ 1)un+2+m · ∂F0
∂un
.
(111)
Note each am is weighted homogenous of degree
(112) deg am = 2− 2m.
For later use, we note the following specialization of these coefficients:
a0(u0, u1, 0, . . . ) = −2u0(1− 3u1),(113)
a1(u0, u1, 0, . . . ) = (1− 3u1)2,(114)
an(u0, u1, 0, . . . ) = 0, n ≥ 2.(115)
We also note that by (84), for m ≥ 0,
(116)
∂am
∂un
(u0) = 2(2n+ 1) · (2n− 2m− 3)!!
(n−m)! u
n−m
0 ,
where we have used the following convention:
(117) (−1)!! = 1, (−3)!! = −1, (−2n− 1)!! = 0, n ≥ 2.
Now we have
(118)
x2 − a0
a1
= f 2 +
a2
a1
f 4 +
a3
a1
f 6 + · · · ,
so we can apply the Lagrangian inversion to get:
f 2 =
x2 − a0
a1
+ b2 ·
(
x2 − a0
a1
)2
+ · · ·(119)
= c0 + c1x
2 + c2x
4 + c3x
6 + · · · ,(120)
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where {a2
a1
, a3
a1
, . . . } and {b2, b3, . . . } are Lagrangian dual to each other,
and
c0 = −a0
a1
+
∞∑
n=2
(−1)nbna
n
0
an1
,
c1 =
1
a21
+
∞∑
n=2
(−1)n−1nbna
n−1
0
an1
,
cm =
∞∑
n=m
(−1)m
(
n
m
)
bn
an−m0
an1
, m ≥ 2.
We have already seen that
c0(u0, u1, 0, . . . ) =
2u0
1− 3u1 ,(121)
c1(u0, u1, 0, . . . ) =
1
(1− 3u1)2 ,(122)
cm(u0, u1, 0, . . . ) = 0, m ≥ 2.(123)
The following are some examples: When uj = 0 for j ≥ 1, the
equation of the Airy curve is deformed to:
(124) x2 = 2y − 2u0,
and the superpotential function is deformed to
(125) y =
1
2
x2 + u0.
When tj = 0 for j ≥ 2, the curve is deformed to
(126) x2 = 2(1− 3u1)2y − 2u0(1− 3u1),
and the superpotential is deformed to
(127) y =
1
2(1− 3u1)2x
2 +
u0
1− 3u1 .
In other words, by making the following transformation:
x 7→ x
1− 3u1 , u0 7→
u0
1− 3u1 ,
one can obtain (127) from (125). When tj = 0 for j ≥ 3, the curve is
deformed to:
x2 = −2u0(1− 3u1) + 10u2∂F0
∂u0
(u0, u1, u2)
+ ((1− 3u1)2 + 10u0u2)(2y)
+ (30u1u2 − 10u2(1− 3u1))(2y)2 + 25u22(2y)3,
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where F0 is given by (67). By making the transformation
x 7→ x
1− 3u1 , u0 7→
u0
1− 3u1 , u2 7→
u2
1− 3u1
one can reduce to the case of u1 = 0:
x2 =
2
135u2
((1− 30u0u2)3/2 − 1− 90u0u2)
+(1 + 10u0u2) · f
−10u2 · f 2 + 25u22 · f 3.
(128)
One can solve this equation explicitly by writing f as a function of
x2. To make the notations simpler, write C = 5u2f , V = 10u0u2,
U = (1 − 3V )1/2 and X = 5u2x2. Then one can rewrite the above
equation as follows:
(129) C3 − 2C2 − 1
3
(U + 2)(U − 2)C + 2
27
(U + 2)2(U − 1)−X = 0.
An explicit solution is given by:
C =
1
6
[108X − 8U3 + 12(81X2 − 12XU3)1/2]1/3
+
2U2
3
[108X − 8U3 + 12(81X2 − 12XU3)1/2]−1/3 + 2
3
.
However, this is not very useful if we want to expand it as a series in
X . Write C =
∑∞
n=0CnX
n = C0 + Y . Then one has
(130) C0 =
2
3
(1− U),
and
(131) Y 3 − 2UY 2 + U2Y = X,
After dividing both sides by U3:
(132)
(
Y
U
)3
− 2
(
Y
U
)2
+
Y
U
=
X
U3
.
This can be solved explicitly by the following series of generalized Cata-
lan numbers:
(133)
Y
U
=
∞∑
n=0
1
n+ 1
(
3n+ 1
n
)(
X
U3
)n+1
.
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Therefore,
C =
2
3
(1− U) +
∞∑
n=0
1
n + 1
(
3n+ 1
n
)
Xn+1
U3n+2
=
2
3
(1− U) + X
U2
+
2X2
U5
+
7X3
U8
+
30X4
U11
+
143X5
U14
+ · · · .
It follows that
f =
2
15
1− (1− 30u0u2)1/2
u2
+
∞∑
n=0
1
n + 1
(
3n+ 1
n
)
(5u2)
nx2n+2
(1− 30u0u2)(3n+2)/2 .
(134)
More explicitly,
2y = (2u0 + 15u2u
2
0 + 225u
2
2u
3
0 +
16875
4
u32u
4
0 +
354375
4
u42u
5
0 + · · · )
+ (1 + 30u2u0 + 900u
2
2u
2
0 + 27000u
3
2u
3
0 + 810000u
4
2u
4
0 + · · · )x2
+ (10u2 + 750u
2
2u0 + 39375u
3
2u
2
0 + 1771875u
4
2u
3
0 + · · · )x4
+ (175u22 + 21000u
3
2u0 + 1575000u
4
2u
2
0 + · · · )x6
+ · · · .
By letting u2 = 0, one recovers the equation y =
1
2
x2 + u0.
This example reveals some interesting features of the deformation
(92). First, by keeping un = 0 for n > 2 and letting u2 6= 0, the defor-
mation changes the Airy curve from a rational curve to a hyperelliptic
curve of degree 6, hence the genus is changed from g = 0 to g = 3.
In general, one can do this recursively by taking one more of un to
be nonzero, the effect will be including terms of higher degrees in y,
and so the curve will have larger genus. Secondly, the constant term
of the polynomial in y on the right-hand side of (128) is no longer a
polynomial in u0, u1, u2. Thirdly, the superpotential
1
2
f is deformed to
become an infinite formal power series in x2. There does not seem to
have motivations to study such deformations from a traditional math-
ematical point of view. So we have another nice example of how string
theory enriches mathematical researches.
5. Landau-Ginzburg Theory Associated with the
Miniversal Deformation of the Airy Curve
In last section we have seen that the miniversal deformation
y =
1
2
x2 + t0
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of the Airy curve y = 1
2
x2 encodes the information of ∂F0
∂un
(u0). In this
section we takeW = y = 1
2
x2+t0 as the superpotential and consider the
corresponding Landau-Ginzburg theory by defining some correlation
functions on the small phase space in this theory. It is clear that one
does not get a field theory in the sense of Section 2, nevertheless, we
will identify the correlation functions we define in this section with the
corresponding correlation functions in the theory of the 2D topological
gravity on the small phase space. The results in this section motivates
the extension to the big phase space in the next section.
5.1. The primary field and its descendant fields. The primary
field φ0 is defined by:
(135) φ0(x) :=
∂W
∂u0
= (∂xL)+ = 1,
where L = (2W )1/2 is the Puiseux series:
(136) L = (x2+2u0)
1/2 = x(1+
2u0
x2
)1/2 = x+
u0
x
− 1
2
u20
x3
+
1
2
u30
x5
+ · · · .
It gives a basis of the Jacobian ring
(137) JW := C[x]/〈∂xW 〉.
Inspired by [37], the authors of [16] constructed the n-th gravitational
descendent field of φ0(x) as follows:
(138) σn(φ0) =
1
(2n− 1)!!(L
2n∂xL)+ =
1
(2n+ 1)!!
(∂xL
2n+1)+.
The following are some explicit examples:
φ0 = 1,
σ1(φ0) = x
2 + u0,
σ2(φ0) =
1
3!!
(x4 + 3u0x
2 +
3
2
u20),
σ3(φ0) =
1
5!!
(x6 + 5u0x
4 +
15
2
u20x
2 +
5
2
u30),
σ4(φ0) =
1
7!!
(x8 + 7u0x
6 +
35
2
u20x
4 +
35
2
u30x
2 +
35
8
u40),
σ5(φ0) =
1
9!!
(x10 + 9u0x
8 +
63
2
u20x
6 +
105
2
u30x
4 +
315
8
u40x
2 +
63
8
u50).
Since they are polynomials in x, one can understand them as fields
living on the Airy curve y = 1
2
x2, or maybe more appropriately, on the
deformed Airy curve y = 1
2
x2 + u0.
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5.2. Variations of the descendant fields with respect to u0. It
is clear that
∂u0W = φ0(x) = 1,(139)
∂u0φ0(x) = 0.(140)
By differentiating both sides of L2 = W , one gets:
(141) ∂u0L =
1
L
.
Lemma 5.1. The variation of σn(φ0) is given by:
(142) ∂u0σn(φ0) = σn−1(φ0),
for n ≥ 1.
Proof. Take ∂u0 on both sides of (138) and apply (141):
∂u0σn(φ0)
=
2n
(2n− 1)!!(L
2n−1 · ∂u0L · ∂xL)+ +
1
(2n− 1)!!(L
n∂x(∂u0L))+
=
2n
(2n− 1)!!(L
2n−1 · 1
L
· ∂xL)+ + 1
(2n− 1)!!(L
n∂x(
1
L
))+
=
1
(2n− 3)!!(L
2n−2∂xL)+ = σn−1(φ0).

Because σn(φ0) is a degree n polynomial in x
2, with leading term
x2n
(2n−1)!!
, as a corollary, we have
Corollary 5.2. The following recursion relation holds:
(143) σn(φ0) =
x2n
(2n− 1)!! +
∫ u0
0
σn−1(φ0)du0.
5.3. Explicit expressions for descendant fields. By induction one
then gets:
Proposition 5.3. An explicit solution of (143) is given by:
(144) σn(φ0) =
n∑
j=0
1
(2j − 1)!!(n− j)!x
2jun−j0
One can use (144) to get the following formula for the generating
series of {σn(φ0)}n≥0 (σ0(φ0) = φ0):
(145)
∑
n≥0
tnσn(φ0) = e
u0t(1 +
√
πx2t/2ex
2t/2 erf(
√
x2t/2)),
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where erf(x) is the error function:
(146) erf(x) =
2
∫ x
0
e−t
2
dt√
π
.
As another application of (144), we have
Proposition 5.4. The following recursion relation holds for n ≥ 0:
σ1(φ0)·(2n− 1)!!σn(φ0) = (2n+ 1)!!σn+1(φ0)
−u0 · (2n− 1)!!σn(φ) + (2n− 1)!!
(n + 1)!
un+10 .
(147)
Using generating series, the recursion relations (147) can be explicitly
solved as follows:
(148)
∑
n≥0
(2n− 1)!!σn(φ0)tn =
√
1− 2u0t
1− t(x2 + 2u0) .
It follows that
(149) (2n− 1)!!σn(φ0) =
n∑
j=0
(2j − 3)!!
j!
· uj0(x2 + 2u0)n−j.
5.4. Descendant operator algebra and structure constants. It
is easy to see that
(150) (2j−1)!!σj(φ0) ·(2k−1)!!σk(φ0) =
j+k∑
j=0
cljku
j+k−l
0 ·(2l−1)!!σl(φ0)
for some constants cljk. In other words, {σn(φ0)}n≥0 generate an algebra
over the ring C[u0]. We will call this algebra the descendant algebra on
the small phase.
To determine the structure constants cljku
j+k−l
0 , let
(151) fn(x) =
n∑
j=0
(2n− 1)!!
(2j − 1)!!(n− j)!x
2j ,
then
(152) fj(x) · fk(x) =
j+k∑
l=0
cljlfl(x).
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For example,
f0(x) = 1,
f1(x) = x
2 + 1,
f2(x) = x
4 + 3x2 +
3
2
,
f3(x) = x
6 + 5x4 +
15
2
x2 +
5
2
,
f4(x) = x
8 + 7x6 +
35
2
x4 +
35
2
x2 +
35
8
,
f5(x) = x
10 + 9x8 +
63
2
x6 +
105
2
x4 +
315
8
x2 +
63
8
.
By (147), for n ≥ 1,
(153) f1fn = fn+1 − fn + (2n− 1)!!
(n + 1)!
.
One can check that
f2f2 = (f4 − f3 − 1
2
f2) + (
1
2
f1 +
5
8
f0),
f2f3 = (f5 − f4 − 1
2
f3) + (
5
8
f1 +
7
8
f0),
f2f4 = (f6 − f5 − 1
2
f4) + (
7
8
f2 +
21
16
f0),
f3f3 = (f6 − f5 − 1
2
f4 − 1
2
f3) + (
5
8
f2 +
7
8
f1 +
21
16
f0).
One recognizes the structure constants as the coefficients of the follow-
ing series:
√
1− 2x =1−
∞∑
n=1
(2n− 3)!!
n!
xn
=1− x− 1
2
x2 − 1
2
x3 − 5
8
x4 − 7
8
x5 − 21
16
x6 − · · · ,
(154)
Proposition 5.5. For k ≥ j ≥ 1,
fjfk =fj+k −
j∑
l=1
(2l − 3)!!
l!
fj+k−l
+
j∑
l=1
(2(k + l)− 3)!!
(k + l)!
fj−l.
(155)
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Proof. We prove (155) by induction on j. For j = 1, (155) is just (153).
Suppose that (155) holds for some j ≥ 1. Then by (153),
fj+1 = f1fj + fj − (2j − 1)!!
(j + 1)!
.
And so for k ≥ j + 1,
fj+1fk = (f1fj + fj − (2j − 1)!!
(j + 1)!
) · fk
= f1 ·
(
fj+k −
j∑
l=1
(2l − 3)!!
l!
fj+k−l +
j∑
l=1
(2(k + l)− 3)!!
(k + l)!
fj−l
)
+
(
fj+k −
j∑
l=1
(2l − 3)!!
l!
fj+k−l +
j∑
l=1
(2(k + l)− 3)!!
(k + l)!
fj−l
)
− (2j − 1)!!
(j + 1)!
fk
=
(
fj+k+1 − fj+k + (2(j + k)− 1)!!
(j + k + 1)!
)
−
j∑
l=1
(2l − 3)!!
l!
(
fj+k−l+1 − fj+k−l + (2(j + k − l)− 1)!!
(j + k − l + 1)!
)
+
j∑
l=1
(2(k + l)− 3)!!
(k + l)!
(
fj−l+1 − fj−l + (2(j − l)− 1)!!
(j − l + 1)!
)
+
(
fj+k −
j∑
l=1
(2l − 3)!!
l!
fj+k−l +
j∑
l=1
(2(k + l)− 3)!!
(k + l)!
fj−l
)
− (2j − 1)!!
(j + 1)!
fk.
Here in the last equality we have used (153). The proof is completed
by obvious cancelations. 
5.5. Some n-point correlation functions on the small phase
space. In the physics literature [13], the authors first derived based
on physical arguments a formula for three-point function on the small
phase space in the Landau-Ginzburg model associated with W , then
obtained formulas for two-point functions and one-point functions by
integrations. The free energy was obtained from the one-point func-
tions in another work of the same authors [14] using the weighted ho-
mogeneity of the free energy. General n-point functions (n ≥ 4) can
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be obtained by differentiating the three-point function. For general-
izations that include gravitational descendants and extension to big
phase space, we use [16, 17, 39] as references. In this subsection we
will present a mathematical reformulation of [13, 16] by reversing the
above procedure. We will take the formula for one-point function as
the definition of the one-point function, and define n-point functions
(n ≥ 2) by taking derivatives.
We define the one-point function on the small phase space by:
(156) 〈〈φ0(x)〉〉0(u0) = 1
3
resx=∞(L
3dx) =
1
3
res((2W )3/2dx),
and so for n ≥ 2, the n-point function are defined by:
(157) 〈〈φ0(x)n〉〉0(u0) = ∂
∂u0
〈φ0(x)n−1〉0(u0).
Using the equation (141), one can check that for n ≥ 2,
〈〈φ0(x)n〉〉0(u0)
=


res(Ldx), n = 2,
(−1)n−1(2n− 5)!! res
(
1
L2n−5
dx
)
= 0, n ≥ 4.
(158)
In [16, (46)], the following generalization of (156) was given:
(159) 〈〈σn(φ0)〉〉0(u0) = 1
(2n+ 3)!!
res(L2n+3dx).
We will take this as the definition of 〈〈σn(φ0)〉〉0(u0), and so for m ≥ 1,
define
(160) 〈〈σn(φ0)φ0(x)m〉〉0(u0) = ∂
∂u0
〈〈σn(φ0)φ0(x)m−1〉〉0(u0).
One can easily see that
(161) 〈〈σn(φ0)φ0(x)m〉〉0(u0) =
∏m−1
j=0 (2n+ 3− 2j)
(2n+ 3)!!
res(L2n−2m+3dx).
In particular, when n = 0,
(162) 〈〈φ0(x)m+1〉〉0(u0) =
∏m−1
j=0 (3− 2j)
3
res(L−2m+3dx).
This matches with (158). Also when m = 3,
〈σn(φ0)φ20〉0(u0) =
1
(2n− 1)!! res(L
2n−1dx) = res
(
σn(φ0)φ0φ0
∂xW
dx
)
.
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Inspired by the last equality and [13], we define
〈〈σn1(φ0)σn2(φ0)σn3(φ0)〉〉0(u0)
= res
(
σn1(φ0)σn2(φ0)σn3(φ0)
∂xW
dx
)
,
(163)
and for m ≥ 1 recursively define:
〈〈σn1(φ0)σn2(φ0)σn3(φ0)φm0 〉〉0(u0)
=∂u0〈σn1(φ0)σn2(φ0)σn3(φ0)φm−10 〉0(u0).
(164)
5.6. Compatibility of the definitions. In last subsection, we have
given the definitions of the correlation functions 〈〈σn(φ0)φ0(x)m〉〉0(u0)
and 〈〈σn1(φ0)σn2(φ0)σn3(φ0)φm0 〉〉0(u0). We now check their compati-
bility. First we need the following:
Proposition 5.6. The following formulas hold:
〈〈σn(φ0)〉〉0(u0) = u
n+2
0
(n + 2)!
,(165)
〈〈σn1(φ0)σn2(φ0)σn3(φ0)〉〉0(u0) =
un1+n2+n30∏3
j=1 nj!
.(166)
Proof. Formula (166) follows directly from the explicit formula for
σn(φ0) given by (144) and the definition (163). For the proof of (165),
we proceed as follows:
〈〈σn(φ0)〉〉0(u0)
=
1
(2n+ 3)!!
res(L2n+3dx) = − 1
(2n + 3)!!
res(xdL2n+3)
= − 1
(2n + 1)!!
res(L2n+2(L−
∞∑
m=1
(2m− 3)!!
m!
1
L2m−1
)dL)
=
un+20
(n+ 2)!
.
In the above we have uased:
x = (L2 − 2u0)1/2 = L(1− 2u0
L2
)1/2 = L−
∞∑
m=1
(2m− 3)!!
m!
1
L2m−1
,

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By taking derivatives on both sides of (165),
〈〈σn(φ0)φ0〉〉0(u0) = u
n+1
0
(n+ 1)!
,
〈〈σn(φ0)φ20〉〉0(u0) =
un0
n!
.
On the other hand, taking n1 = n and n2 = n3 = 0 in (166),
〈〈σn(φ0)φ20〉〉0(u0) =
un0
n!
.
It is a match. One also has for n3 = 0 in (166):
(167) 〈〈σn1(φ0)σn2(φ0)φ0〉〉0(u0) =
un1+n20
n1!n2!
,
and so after integration one would have obtained
(168) 〈〈σn1(φ0)σn2(φ0)〉〉0(u0) =
un1+n2+10
(n1 + n2 + 1) · n1!n2! ,
if the left-hand side were already defined.
5.7. Identification with genus zero n-point functions in 2D
topological gravity on the small phase space.
Proposition 5.7. For n1, n2, n3, m ≥ 0,
(169) 〈〈σn1(φ0)σn2(φ0)σn3(φ0)φm0 〉〉0(t0) =
∂m+3F0
∂tn1∂tn2∂tn3∂t
m
0
(t0).
Proof. It suffices to prove the m = 0 case. Recall u(0) = ∂
2
u0
F0 satisfies
the dispersionless KdV rierarchy (42):
∂tnu(0) = ∂t0
un+1(0)
(n+ 1)!
.
Therefore, we have
∂tn1∂tn2∂tn3u(0) = ∂tn1∂tn2∂t0
un3+1(0)
(n3 + 1)!
= ∂tn1∂t0
(
un3(0)
n3!
∂tn2u(0)
)
= ∂tn1∂t0
(
un3(0)
n3!
∂t0
un2+1(0)
(n2 + 1)!
)
= ∂tn1∂
2
t0
(
un2+n3+1(0)
n2!n3!(n2 + n3 + 1)
)
= ∂2t0
(
un1+n2+n3(0)
n1!n2!n3!
∂t0u(0)
)
.
After integration with respect to t0 twice, one gets:
∂tn1∂tn2∂tn3F0 =
un1+n2+n3(0)
n1!n2!n3!
∂t0u(0).
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Now we restrict to the small phase space and use the fact that u(0)(t0) =
t0 = u0 to get:
∂tn1∂tn2∂tn3F0(t0) =
un1+n2+n30
n1!n2!n3!
.
The completed by comparing with (166). 
6. Field Theory Associated with Special Deformation of
the Airy Curve
The discussion in last section clearly indicates that to obtain a field
that is the mirror theory to the theory of 2D topological gravity, miniver-
sal deformation of the Airy curve does not suffice. In §4 we have con-
structed a general deformation
(170) x = f −
∑
n≥0
(2n + 1)unf
2n−1 −
∑
n≥0
∂F0
∂un
(u) · f−2n−3.
and
2y = f 2 = c0 + c1x
2 + c2x
4 + c3x
6 + · · · ,
of the Airy curve y = 1
2
x2 associated with the genus zero free energy
F0(u). In this section we will take W = y as the superpotential and
construct a field theory in genus zero by generalizing the discussions in
last section. In next section we will extend this field theory to arbitrary
genus and prove it is mirror to the theory of 2D topological gravity.
6.1. The primary field and its descendant fields. As in last sec-
tion, the primary field φ0 is defined by:
(171) φ0 :=
∂W
∂u0
.
Since now the superpotentialW depends also on the coupling constants
un, we define in the same fashion the following fields:
(172) φn :=
∂W
∂un
.
This generalizes the treatment in [13] to the big phase space. Re-
call that W ∈ C[[u0, u1, . . . ]]2 and deg un = 2 − 2n. Therefore, φn is
weighted homogenous of degree 2n, i.e.
(173) φn ∈ C[[x, u0, u1, . . . ]].
In the following we will explain why φn can be regarded as gravitational
descendants of φ0.
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We also define another sequence of fields σn as in last section by
(174) σn = (L
2n∂xL)+ =
1
2n+ 1
(∂xL
2n+1)+.
We now examine the relationship between {φn} and {σn}.
Recall the following relationship between x2 and W :
(175) x2 = a0 + a1 · (2W ) + a2 · (2W )2 + · · · ,
where
a0 = −2u0(1− 3u1) + 2
∑
n≥0
(2n+ 5)un+2
∂F0
∂un
,(176)
a1 = (1− 3u1)2 + 2u0 · 5u2 + 2
∑
n≥0
(2n+ 7)un+3 · ∂F0
∂un
,(177)
and for m ≥ 2,
am =− 2(1− 3u1) · (2m+ 1)um + 2u0 · (2m+ 3)um+1
+
∑
m1,m2≥1
m1+m2=m+1
(2m1 + 1)um1 · (2m2 + 1)um2
+2
∑
n≥0
(2n+ 2m+ 1)un+2+m · ∂F0
∂un
.
(178)
In particular, each an ∈ C[[u0, u1, . . . ]]2−2m, the degree 2 − 2m part of
C[[u0, u1, . . . ]], while W ∈ C[[x, u0, u1, . . . ]]2.
Lemma 6.1. The following formula holds:
(179) φn = −∂una0 + 2∂una1 ·W + 4∂una2 ·W
2 + · · ·
2x
∂xW.
Proof. After taking ∂x on both sides of (175) we get:
(180) ∂xW =
x
a1 + 4a2W + 12a3W 2 + · · · .
Similarly, after taking ∂un on both sides of (175) we get:
(181) ∂unW = −
∂una0 + 2∂una1 ·W + 4∂una2 ·W 2 + · · ·
2(a1 + 4a2W + 12a3W 2 + · · · ) .
It follows that
(182) ∂unW = −
∂una0 + 2∂una1 ·W + 4∂una2 ·W 2 + · · ·
2x
∂xW.
This completes the proof. 
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Proposition 6.2. When restricted to the small phase space we have
(183) φn(x, u0) = (2n+ 1)!! · σn(φ0)(x, u0).
Proof. When restricted to the small phase space, we have
W =
1
2
x2 + u0,
and by (116),
∂am
∂un
(u0) = 2(2n+ 1) · (2n− 2m− 3)!!
(n−m)! u
n−m
0 ,
therefore, by (179),
φn = −1
2
(
∂a0
∂un
(u0) +
∂a1
∂un
(u0) · (x2 + 2u0) + · · ·+ ∂an
∂un
(u0) · (x2 + 2u0)n)
= −(2n + 1) ·
(
(2n− 3)!!
n!
un0 +
(2n− 5)!!
(n− 1)! u
n−1
0 · (x2 + 2u0)
+ · · ·+ u0 · (x2 + 2u0)n−1 − (x2 + 2u0)n
)
= (2n+ 1)!! · σn(φ0).
In the last equality on the right-hand side we have used (149) 
We have related φn(x, u0) to σn(φ0)(x, u0) defined by (138). Unfor-
tunately this relation do not hold anymore on the big phase space, as
shown by the following example. Recall by (134), when only u0 and u2
are nonzero,
2W = L2 =
2
15
1− (1− 30u0u2)1/2
u2
+
∞∑
n=0
1
n+ 1
(
3n+ 1
n
)
(5u2)
nx2n+2
(1− 30u0u2)(3n+2)/2 .
(184)
It follows that
φ0(x, u0, u2) = (1− 30u0u2)−1/2 + 3
2
∞∑
n=0
(
3n+ 2
n+ 1
)
(5u2x
2)n+1
(1− 30u0u2)(3n+4)/2 .
Next we compute L. First we rewrite the above equality as follows:
L2 =
x2
1− 30u0u2
(
1 +
2
15
(1− (1− 30u0u2)1/2)(1− 30u0u2)
u2
x−2
+
∞∑
n=1
1
n+ 1
(
3n+ 1
n
)
(5u2)
nx2n
(1− 30u0u2)3n/2
)
.
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Then we note
(x(1 + x−2(a0 + a2x
4 + a3x
6 + · · · ))1/2)+
= x(1− 1
4
a0a2 +
3
16
a20a3 −
5
32
a30a4 −
15
64
a20a
2
2 +
35
64
a30a2a3
− 105
256
a30a
3
2 −
315
512
a40a2a4 +
3465
2048
a40a
2
2a3 −
315
1024
a40a
2
3 + · · · ) + · · · ,
it follows that
L+ =
x
(1− 30u0u2)1/2 (1− 5u0u2 − 75(u0u2)
2 − 2875
2
(u0u2)
3 + · · · ) + · · · ,
and so
σ0 = ∂xL+
=
1
(1− 30u0u2)1/2 (1− 5u0u2 − 75(u0u2)
2 − 2875
2
(u0u2)
3 + · · · ) + · · · ,
It is then clear that:
(185) φ0(u0, u2) 6= σ0(u0, u2).
6.2. Family of flat connections. Inspired by the theory of Frobenius
manfiolds [12], we introduce the following operators (λ ∈ C):
(186) ∇λ∂
∂ti
φk := ∂tiφk + λφi · φk.
Proposition 6.3. The operators ∇λ∂
∂ti
define a family of flat connec-
tions, i.e.,
(187) ∇λ∂
∂ti
∇λ∂
∂tj
φk = ∇λ∂
∂tj
∇λ∂
∂ti
φk,
for i, j, k ≥ 0 and all λ ∈ C.
Proof.
∇λ∂
∂ti
∇λ∂
∂tj
φk = (∂ti + λφi·)(∂tiφk + λφj · φk)
= ∂ti∂tjφk + λ(φi · ∂tjφk + ∂ti(φj · φk)) + λ2φi · φj · φk
= ∂ti∂tjφk + λ(φi · ∂tjφk + φj · ∂tiφk + ∂tiφj · φk)
+ λ2φi · φj · φk
= ∂tj∂tiφk + λ(φj · ∂tiφk + φi · ∂tjφk + ∂tjφi · φk)
+ λ2φj · φi · φk
= ∇λ∂
∂tj
∇λ∂
∂ti
φk.

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6.3. The n-point functions and the mirror symmetry in genus
0. We define the one-point function in genus zero on the big phase
space by:
(188) 〈〈φj〉〉0(u) = 1
(2j + 3)!!
res(L2j+3dx),
and define n-point function (n ≥ 2) by taking derivatives:
(189) 〈〈φj1, · · · , φjn〉〉0(u) =
∂
∂tj1
〈〈φj2 · · ·φjn〉〉0(u).
The following result tells us how to recover the genus zero free energy
of the 2D topological gravity from the special deformation of the Airy
curve.
Theorem 6.4. We have the following identification of n-point func-
tions:
(190) 〈〈φj1, · · · , φjn〉〉0(u) =
∂nF0
∂tj1 · · ·∂tjn
(t).
Proof. It suffices to prove the one-point case as follws:
〈〈φn〉〉0(u) = 1
(2n+ 3)!!
res(L2n+3dx) = − 1
(2n + 3)!!
res(xdL2n+3)
= − 1
(2n + 1)!!
res
(
L2n+2(L−
∑
m≥0
(2m+ 1)umL
2m−1
−
∑
m≥0
∂F0
∂um
(u) · L−2m−3)dL
)
=
1
(2n+ 1)!!
∂F0
∂un
(u) =
∂F0
∂tn
(t).

7. Quantum Deformation Theory of the Airy Curve
We have already shown that the free energy in genus zero of 2D topo-
logical quantum gravity can be used to produce special deformation of
the Airy curve, and how to recover the free energy in genus zero of the
2D topological gravity from the deformed superpotential function. In
this section we will see that this deformation lead to a quantization of
the Airy curve that can be used to recover the free energy in all genera.
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7.1. Symplectic reformulation of the special deformation. Rewrite
(91) as follows:
(191) x(z) = −
∑
n≥0
(2n+ 1)u˜nz
2n−1
2 −
∑
n≥0
∂F0
∂u˜n
(u) · z− 2n+32 ,
where z = 2y = f 2, and
(192) u˜n = un − 1
3
δn,1.
One can formally understand x as a field on the Airy curve.
Consider the space of
(193) V = z1/2C[z].
We write an element in V as
(194)
∞∑
n=0
(2n+ 1)u˜nz
(2n−1)/2 +
∞∑
n=0
v˜nz
−(2n+3)/2
We regard {u˜n, v˜n} as linear coordinates on V , and introduce the fol-
lowing symplectic structure on V :
(195) ω =
∞∑
n=0
du˜n ∧ dv˜n.
It follows that
(196) v˜n =
∂F0
∂un
(u)
defines a Lagrangian submanifold in V , and so does
(197) v˜n =
∂(λ2F )
∂un
(u).
In other words, free energy in all genera produces a deformation of a
Lagrangian sumanifold.
7.2. Canonical quantization of the special deformation of Airy
curve. Take the natural polarization that {qn = u˜n} and {pn = v˜n},
one can consider the canonical quantization:
(198) ˆ˜un = u˜n·, ˆ˜vn = ∂
∂u˜n
.
Corresponding to the field x, consider the following fields of operators
on the Airy curve:
(199) xˆ = −
∞∑
n=0
β−(2n+1)f
2n−1 −
∞∑
n=0
β2n+1f
−2n−3,
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where the operators β2k+1 are defined by:
(200) β−(2k+1) = (2k + 1)u˜k·, β2k+1 = ∂
∂u˜k
.
It is better to write xˆ in the z-coordinate:
(201) xˆ(z) = −
∑
m∈Z
β−(2m+1)z
m−1/2 = −
∑
m∈Z
β2m+1z
−m−3/2
7.3. The 2-Reduced bosonic Fock space. As usual, the operators
{β2n+1}n≥0 are called annihilators while the operators {β−(2n+1)}n≥0
are called creators. Given β2n1+1, . . . , β2nk+1, their normally ordered
products are defined:
(202) : β2n1+1, . . . , β2nk+1 := β2n′1+1 · · ·β2n′k+1,
where n′1 ≥ · · · ≥ n′k is a rearrangement of n1, . . . , nk. Denote |0〉
the vector 1, and by Λ(2) the space spanned by elements of form
β−(2n1+1) · · ·β−(2nk+1)|0〉. We will refer to Λ(2) as the 2-reduced bosonic
Fock space. On this space one can define a Hermitian product by
setting
〈0|0〉 = 1,(203)
β∗2n+1 = β−(2n+1).(204)
For a linear operator A : Λ(2) → Λ(2), its vacuum expectation value is
defined by:
(205) 〈A〉 = 〈0|A|0〉.
7.4. Regularized products of two fields. We now study the prod-
uct of the fields xˆ(z) with xˆ(z). This cannot be defined directly, because
for example,
(206) 〈0|xˆ(z)xˆ(z)|0〉 =
∑
n≥0
(2n+ 1) = +∞.
To fix this problem, we follow the common practice in the physics litera-
ture by using the normally ordered products of fields and regularization
of the singular terms as follows. First note
xˆ(z) · xˆ(w) = : xˆ(z)xˆ(w) : +
∞∑
n=0
(2n+ 1)z−(2n−3)/2w(2n−1)/2
= : xˆ(z)xˆ(w) : +
z + w√
zw(z − w)2 .
It follows that
(207) 〈xˆ(z) · xˆ(w)〉 = z + w√
zw(z − w)2 ,
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hence
(208) xˆ(z) · xˆ(w) =: xˆ(z) · xˆ(w) : +〈xˆ(z) · xˆ(w)〉.
Now we have
xˆ(z + ǫ) · xˆ(z) = : xˆ(z + ǫ)xˆ(z) : + 2z + ǫ√
z(z + ǫ)ǫ2
= : xˆ(z + ǫ)xˆ(z) : +
2
ǫ2
+
1
4z2
− ǫ
4z3
+ · · · .
We define the regularized product of xˆ(z) with itself by
xˆ(z)⊙ xˆ(z) = xˆ(z)⊙2 := lim
ǫ→0
(xˆ(z + ǫ)xˆ(z)− 2
ǫ2
)
= : xˆ(z)xˆ(z) : +
1
4z2
.
(209)
In other words, we simply remove the term that goes to infinity as
ǫ→ 0, and then take the limit.
7.5. Virasoro constraints and mirror symmetry for 2D topo-
logical gravity. By straightforward calculations one can get:
Proposition 7.1. Let L(z) =
∑
n∈ZLnz
−n−2 be defined by:
(210) L(z) :=
1
8
: xˆ(z)2 :=
1
8
∑
n∈Z
∑
j+k=−n−1
: β−(2j+1)β−(2k+1) : z
−n−2.
Then one has the following commutation relations:
(211) [Lm, Ln] = (m− n)Lm+n + 2m
3 +m
48
δm,−n.
Recall the special deformation of the Airy curve constructed in §4,
using the genus zero free energy of the 2D topological gravity, is char-
acterized by (Theorem 4.2 and Theorem 4.3):
(212) (x2)− = 0.
We take the quantization of this equation to
(213) (xˆ(2)⊙2)−Z = 0.
The following result establish the mirror symmetry of the theory of 2D
topological gravity and the quantum deformation theory of the Airy
curve:
Theorem 7.2. The Witten-Kontsevich tau-function ZWK satisfies the
following equation:
(214) (xˆ(2)⊙2)−ZWK = 0.
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Proof. By the definition of xˆ(x) and (209), one gets:
xˆ(z)⊙2 = 2(
1
2
β2−1 +
∞∑
n=0
β−(2n+3)β2n+1)z
−1
+ 2
∞∑
n=0
(β−(2n+1)β2n+1 +
1
8
)z−2
+ 2
∑
m≥1
(
∞∑
n=0
β−(2n+1)β2n+2m+1 +
1
2
∑
j+k=m−1
βjβk)z
−m−2.
It is then straightforward to see that (214) is equivalent to the Virasoro
constraints (73)-(75). 
8. Regularized Products of Quantum Fields on the Airy
Curve
In last section we have defined the regularized product xˆ(z)⊙2, and
identify its coefficients with operators of Virasoro constraints for 2D
topological gravity discovered in [15]. In this section we will generalize
it to xˆ(z)⊙n for n > 2 and conjecture the higher W-constraints
(215) (xˆ⊙2n)−ZWK = 0
hold for all n ≥ 1.
8.1. Definition of xˆ(z)⊙n. One can inductively define xˆ(z)⊙n:
(216) xˆ(z)⊙n = xˆ(z)⊙ xˆ(z)⊙n−1.
For example,
xˆ(z + ǫ) · xˆ(z)⊙2 = xˆ(z + ǫ) · (: xˆ(z)2 : + 1
4z2
)
= : xˆ(z + ǫ)xˆ(z)2 : +2〈xˆ(z + ǫ)xˆ(z)〉 · xˆ(z) + xˆ(z + ǫ)
4z2
= : xˆ(z + ǫ)xˆ(z)2 : +2
(
2
ǫ2
+
1
4z2
− ǫ
4z3
+ · · ·
)
· xˆ(z) + xˆ(z + ǫ)
4z2
,
the regularized product xˆ(z) · xˆ(z)⊙2 is defined by:
xˆ(z)⊙ xˆ(z)⊙2 = lim
ǫ→0
(
xˆ(z + ǫ) · xˆ(z)⊙2 − 4
ǫ2
xˆ(z)
)
=: xˆ(z)3 : +
3xˆ(z)
4z2
.
By induction one can easily prove that
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Theorem 8.1. For n ≥ 1,
(217) xˆ(z)⊙n =
[n/2]∑
j=0
1
j!
(
n
2, . . . , 2, n− 2j
)
1
(4z2)j
: xˆ(z)n−2j : .
Corollary 8.2. For n ≥ 1,
(218) : xˆ(z)n :=
[n/2]∑
j=0
(−1)j
j!
(
n
2, . . . , 2, n− 2j
)
1
(4z2)j
xˆ(z)⊙n−2j .
Proof. Consider the generating series:
∑
n≥0
xˆ(z)⊙n
tn
n!
=
∑
n≥0
tn
n!
[n/2]∑
j=0
1
j!
(
n
2, . . . , 2, n− 2j
)
1
(4z2)j
: xˆ(z)n−2j :
=
∞∑
j=0
t2j
j!(8z2)j
∞∑
k=0
: xˆ(z)k :
tk
k!
= exp(
t2
8z2
)
∞∑
k=0
: xˆ(z)k :
tk
k!
,
and so
∞∑
k=0
: xˆ(z)k :
tk
k!
= exp(− t
2
8z2
)
∑
n≥0
xˆ(z)⊙n
tn
n!
=
∑
n≥0
tn
n!
[n/2]∑
j=0
(−1)j
j!
(
n
2, . . . , 2, n− 2j
)
1
(4z2)j
xˆ(z)⊙n−2j .

8.2. Relationship with Bessel polynomials. Using The On-Line
Encyclopedia of Integer Sequences, one sees that the coefficients
T (n, j) =
1
j!
(
n
2, . . . , 2, n− 2j
)
=
n!
2jj!(n− 2j)! =
(
n
2j
)
(2j − 1)!!
have the following exponential generating series:
∞∑
n=0
[n/2]∑
j=0
T (n, j)
zn
n!
tj = exp(z +
1
2
tz2).
These numbers are called Bessel numbers [10] because if one sets
(219) yn(x) =
n∑
k=0
T (2n− k, n− k)xn−k =
n∑
k=0
(2n− k)!
2n−kk!(n− k)!x
n−k,
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then yn is the n-th Bessel polynomial that satisfies the Bessel equation:
(220) x2y′′n + (2x+ 2)y
′
n = n(n+ 1)yn.
8.3. Regularized products of xˆ⊙m with xˆ⊙n. Next we define xˆ⊙m⊙
xˆ⊙n for general m,n in the same fashion. Let us first define : xˆ(z)m :
⊙ : xˆ(z)n :. We will first assume that m ≥ n, then by Wick’s theorem,
: xˆ(z + ǫ)m : · : xˆ(z)n :=: xˆ(z + ǫ)mxˆ(z)n :
+ mn : xˆ(z + ǫ)m−1xˆ(z)n−1 : ·〈xˆ(z + ǫ)xˆ(z)〉
+ 2! ·
(
m
2
)
·
(
n
2
)
: xˆ(z + ǫ)m−2xˆ(z)n−2 : ·〈xˆ(z + ǫ)xˆ(z)〉2
+ · · · · · · · · ·
+ n! ·
(
m
n
)
·
(
n
n
)
: xˆ(z + ǫ)m−nxˆ(z)n−n : ·〈xˆ(z + ǫ)xˆ(z)〉n.
We have a similar expression for m < n. Then after removing all the
obvious singularities from 〈xˆ(z + ǫ)xˆ(z)〉j for j = 1, . . . , n, and taking
ǫ→ 0, one gets:
: xˆ(z)m : ⊙ : xˆ(z)n :=
min{m,n}∑
j=0
j!
(4z2)j
·
(
m
j
)(
n
j
)
: xˆ(z)m+n−2j : .
Theorem 8.3. For m,n ≥ 1,
(221) xˆ⊙m ⊙ xˆ⊙n = xˆ⊙m+n.
Proof. We have∑
m≥0
: xˆ(z)m :
tm1
m!
⊙
∑
n≥0
: xˆ(z)n :
tn2
n!
=
∑
m,n≥0
tm1
m!
tn2
n!
min{m,n}∑
j=0
j!
(4z2)j
·
(
m
j
)(
n
j
)
: xˆ(z)m+n−2j :
=
∑
m,n,j≥0
tm+j1
m!
t
(n+j)
2
n!
: xˆ(z)m+n :
j!(4z2)j
=
∑
j≥0
(t1t2)
j
j!(4z2)j
∑
k≥0
(t1 + t2)
k : xˆ(z)
k :
k!
= exp(
t1t2
4z2
) · exp(−(t1 + t2)
2
8z2
) ·
∑
n≥0
xˆ(z)⊙n
(t1 + t2)
n
n!
= exp(−t
2
1 + t
2
2
8z2
) ·
∑
n≥0
xˆ(z)⊙n
(t1 + t2)
n
n!
.
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It follows that
: xˆ(z)m : ⊙ : xˆ(z)n :=
min{m,n}∑
j=0
j!
(4z2)j
·
(
m
j
)(
n
j
)
: xˆ(z)m+n−2j : .
It follows that∑
m≥0
xˆ(z)⊙m
tm1
m!
⊙
∑
n≥0
xˆ(z)⊙n
tn2
n!
=
∑
n≥0
xˆ(z)⊙n
(t1 + t2)
n
n!
.
This completes the proof. 
Corollary 8.4. The regularized product ⊙ is associative, i.e.,
(222) (xˆ(z)⊙l ⊙ xˆ(z)⊙m)⊙ xˆ(z)⊙n = xˆ(z)⊙l ⊙ (xˆ(z)⊙m ⊙ xˆ(z)⊙n).
8.4. W-constraints. We make the following
Conjecture 8.5. The equalities
(223) (xˆ(z)⊙2n)−ZWK = 0
hold for all n ≥ 1.
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